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I. INTRODUCTION 



Brane worlds scenarios have attracted much interest over the past years jH Q, 0, 0, S ■ 
These assume our world to be a 3— brane, i.e. a (3 + 1)— dimensional submanifold embedded 
in a higher dimensional space-time. While the standard matter fields are confined to the 
brane, gravity lives in all dimensions. The idea that matter is confined to a lower dimensional 
manifold is not a new one. The localization of fermions on a domain wall has been discussed 
in 0. Recently, it was newly motivated by results from string theory. In type I string 
theory so-called Dp-branes exist on which open strings, which represent matter fields, end. 
Gravitational fields, which are represented by closed strings, live in the full dimensions. 
However, as is well known, Newton's law in four dimensions is well tested down to 0.2 mm. 
Thus appropriate brane world models should localisegravity "well enough" to the 3-brane. 
In the so-called Randall-Sundrum (RS) models |J the space-time contains two (RSI), 
respectively one (RSII) Ricci-fiat 3-brane(s) embedded in a 5-dimensional Anti-de-Sitter 
(AdS) bulk. For the localisation of gravity in these models, the brane tension has to be 
fine-tuned to the negative bulk cosmo logical constant. The RSI model proposes a possible 
solution to the hierarchy problem, which can be solved if the distance between the two 
branes is about 37 times the AdS radius. 

Although topological defects have been mainly studied in a four- dimensional space-time 
they have recently been considered in the context of brane worlds. The localisation of 
gravity on different topological defects has been discussed M- This includes domain walls 
Nielsen- Olesen strings U, l^; monopoles (both global |13l| and local [l^) in 5, 6 and 7 



space-time dimensions, respectively. The 3-brane sits at the core of these higher dimensional 
topological defects. It was found j9|, that gravity- localising (so-called "warped" ) solutions 
are possible if certain relations between the defect's tensions hold. While in the case of 
domain walls and strings, gravity can only be localised if the bulk cosmological constant is 
negative, for magnetic monopoles the gravity-localisation is possible for both signs of the 
cosmological constant. 

The seven- dimensional monopoles with a 3-brane residing at their core have also been 
discussed in 1^ for a global monopole and in [3| for a local monopole without bulk cos- 
mological constant. The emphasis was put on the structure of space-time depending on the 
value of the symmetry breaking scale. Static solutions were found to be singular for the 
symmetry breaking scale being larger than the higher dimensional Planck's constant. In the 
case of global monopoles this singularity appears because the deficit angle of the transverse 
space becomes larger than An. The four-dimensional analogues of these solutions have been 
called "supermassive" monopoles [17]. The singularities were shown to be removable by 
letting the defects' cores infiate. 

Composite topological defects have been first studied in a four-dimensional space-time. 
Specifically a composite monopole, i.e., a system composed by a 'tHooft-Polyakov and a 
global monopole, was analyzed in jl^ EM 13] and more recently in [2lj (for composite 



strings see j2^). In [2l| the large direct interaction between the two sectors of the theory was 
studied and it has been found that for large enough direct interaction, the global monopole 
will disappear from the system and leave behind a negative cosmological constant. The 
problem of stability of composite monopoles has been analyzed in j2^ and jj^ ]. 

In this paper, we try to join both strategies by studying a composite monopole system of 
a 'tHooft-Polyakov and a global monopoles in a seven- dimensional space-time with a 3-brane 
residing at the core of the composite system. Our bulk cosmological constant is zero. This 
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is the seven-dimensional analogue of the solutions studied previously [18|, ll9|, |20|, |21| . For 
small direct interaction between the global and the gauge sector, both defects are present 
and we investigate the solutions in the spirit of jl5lll6l|. For large direct interaction, the 
global monopole disappears from the system and "leaves behind" a negative cosmological 
constant. The system then corresponds to the one studied in ^ . 



Our paper is organised as follows: in Section II, we give the model including the ansatz 
and the equations of motion. In Section III, we discuss solutions for small direct interaction, 
i.e. 3-branes in the cores of composite monopoles, while in section IV we concentrate on 
large direct interactions with gravity localising solutions. We give our conclusions in section 
V. 



II. THE MODEL 

In the following, we shall consider a composite monopole system in a seven-dimensional 
space-time. The composite defect resides in the three dimensional transverse submanifold 
and has its core at a (3 + 1)— dimensional world- volume. 

The seven-dimensional action associated with this model reads : 



S 



where Gat is the seven-dimensional gravitational constant with Gn = ^pi{7) ^pUi) 
denotes the 7-dimensional Planck constant. 

The matter field Lagrangian density in terms of the Higgs field 0", the gauge field Aj^ 
and the Goldstone field is given by : 

Cm = -^F^^v^"'""^ - \{DMr){D''r) - \{dMX''){d''x'') - V{r, X") , a = 1, 2, 3 (2) 
with the covariant derivative of the Higgs field 0" : 

Dur = dM(i>'' - eeafee^M0' , (3) 

the field strength tensor 

Pmn = ^mA^n ~ 9nA1.j — eeabcA\,jA% , (4) 

and the potential 

+ h^rr-r,l){x''x''-vl) ■ (5) 

In the system, e denotes the gauge coupling, Ai and A2 the self-couplings of the Higgs, 
respectively Goldstone field, while rji and 772 the respective vacuum expectation values of 
the Higgs and Goldstone fields. The parameter A3 is the direct interaction coupling constant 
between the global and local sectors discussed previously in four-dimensional models Hill 
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A. The ansatz 



The most general static seven- dimensional metric tensor with spherical symmetry in the 
extra three dimensions is given by jisl . [l6| : 

ds^ = M\r)g^^dx^'dx'' + dr"^ + C'^{ry {dO^ + sin^ ed(f)'^) = gAsdx^dx^ (6) 

with B = 0,... ,6 and /i, = 0,... ,3. In the line element above g^y represents the 
metric of the (3 + l)-dimensional world-volume. In the following, we shall assume that the 
3-brane is Ricci flat, i.e. g^u = rj^^. Here we use the following notation for the coordinates: 
= [x^,x'^) = {x^,r,6,4>). 

For the Higgs and Goldstone fields, we use the standard hedgehog Ansatze : 

X'^(x) = r7i/(r)e^ , = r/i/i(r)e^ (7) 

while for the gauge fields, we choose : 

At{r) = -^-^el , Al{r)=^-^sm9et , (8) 

and 

A^(r) = , A^ir) = . (9) 
The Lagrangian density (j2)) is terms of these Ansatze then reads : 

_ M(/,2 _ 1)2 _ W(^2 _ ^2)2 _ W(^2 _ i)(^2 _ ^2) (^q) 



B. Equations of Motion 

We introduce the dimensionless variables x = erjir such that the equations of motion 
depend only on the following coupling constants: 

q=!ll , a^ = SttGnvI , A = ^ , ^ = 1, 2, 3 . (11) 

The seven dimensional Einstein equations 

= SnG^T^ , (12) 

with the energy-momentum tensor 

Tf = F^^F-^^^ + iDAr)iD^r) + idAX'')id^xn + S^C^ , (13) 

give the following set of non-linear coupled differential equations (the prime denotes here 
and in the following the derivative with respect to x): 

M" M'2 M' M'C C" C I 1 on 
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M'C M'2 M' C"2 C" 1 1 

M" C" C M'C M' M''^ ^ n 
with the non-vanishing components of the energy-momentum tensor 

- -^-il^-V-lf--^--^^-W(/. n u-0 123 



1 1 

C2x2 2^4x4 2 2^ C2a;2 C2a;2 
l.,o 1 



and the potential 

/) = |(/.^ - 1)^ + - g^)^ + |(/.^ - l)(f - g^) . (18) 

The conservation of the energy-momentum tensor, DmT^^ = 0, imphes 



T: = 4^ (To° - T;) + + ^) W - , (19) 



dx 

consequently equations (fT^ to (fT^ are functionally dependent 

Combining conveniently the above equations, two differential equations for the unknown 
metric functions M and C are obtained. The first combination gives: 

(CVM'M^)' f{l-u^f m'2 



(^ + 2Jil-2«(.,/)) , (20) 



C2x2M4 

while the second reads: 

[M\Cx + C'Cx^)]' 1 a2 /-3m'2 4(1-^2)2 5h^u^ 



Cxm* CH^ 5 VC^a;2 C%4 ^2^2 

- 5^-2W(/.'/)l • (21) 



x^ 



Varying 5*^ with respect to the matter fields we obtain the Euler-Lagrange equations for 
the Higgs field function: 

{MWh')' = mw (2^ + - 1) + mf - , (22) 

for the gauge field function 

(MV)' = M' (-^%5^ + , (23) 

and for the Goldstone field function 

(M^C^x^f)' = M^f (2 + P2C^x\f - q^) + (3^C^x\h'' - 1)) . (24) 
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It has been noticed in j20|, |21| that the behavior of the composite system in four dimen- 
sional space-time depends strongly on the combination of the coupling constants appearing 
in the potential 

A := P,(32 - PI ■ (25) 



The case A > was studied in detail in [20[. For A > 0, the minimum of the potential is 
given by 

h{x) = 1 , fix) = q (26) 

such that asymptotically h{x —>■ oo) —>■ 1 and f{x oo) q. 

The case A < was reinvestigated in [2l[ and it was found that the boundary conditions 
at infinity have to be generalized for the Higgs and Goldstone field functions. The reason 
for this is that there are two possible minima for the potential: 



(a) h\x) = , fix) = \^q' + or (b) f\x) = , h\x) = ^1 + gg^J . (27) 

We give the corresponding boundary conditions for the two cases in Sections III and IV, 
respectively. 



III. A > SOLUTIONS: 3-BRANES IN THE CORE OF COMPOSITE 
MONOPOLES 

Here we shall analyse the system in the regime of small direct interaction coupling. For 
this case, both the local and the global monopole are present. 



A. Analytic solutions 

Before to embark in a numerical analysis, let us first investigate possible analytical solu- 
tions for the system of equation. Setting the matter functions equal to their vacuum values, 
i.e., h{x) = 1, /(x) = q and u{x) = in the Lagrangian ^TU^ . we can find analytic solutions 
of the system determined by the equations (j2Up and (j2ip alone. These are by themselves 
of interest, but we would also expect our solutions to tend to these solutions very far away 
{x — *• oo) from the core of the composite monopole. Analytic solutions for brane world 
space-times have been investigated for the "pure" global monopole case for points outside 
the monopole 's core in j2^. 



Here, we introduce two new functions w{x) := M^{x) and v{x) =: x^C^(x). The equations 
()20|) and ()21|) can then be written as follows: 

5 V 

{wv'y = 2{1 -qW)w~—- . (29) 

5 V 

It is possible to obtain the differential equation obeyed by v only. It is: 

5v"v T 2aV5v' - 10(1 - a^q^)v + Sa^ = . (30) 
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This differential equation is a non-linear one, consequently no general solutions could be 
found by us. In the following, we shall try to find particular analytic solutions to these 
equations. As a first trial, using the Ansatz v{x) = constant, we found the following 
solution: 

" 5(1 - aW) 

and 

w{x) = Cie^^ + Cse"^^ (32) 

with 

n= , (33) 

Ci, C2 being two arbitrary constants. This corresponds to a cylinder-like solution with the 



constant radius of the 2-spheres equal to 2a/ a/5 (1 — a^q^), and holds also for the "pure'' 
magnetic monopole case, q = 0, which has been studied in |l6l |. 



In the case of "pure" global monopole, it has been found in |2^ that the constant radius 
of the 2-spheres is arbitrary, and the solution = constant exists only for a^g^ = 1. We 
find in contrast to that for the composite case, that the radius of the 2-sphere is fixed by 
the coupling constants, and the solutions exist for all combinations of a and q as long as 
a^g^ < 1 and that behaves exponentially. 

Note that for Ci = 0, this solution would have the form of a gravity-localising one 
However, in practice, i.e., when integrating the equations numerically, we shall not find these 
type of solutions in the asymptotic region of the space-time since the assumption /(x) = q 
holds only very far from the core of the composite (/ falls of power- like), however we always 
integrate on finite intervals. 

The solution w{x) = constant that has been found for the "pure" global monopole case 
[ifij ]. is not a solution to the equations (f^n|) and ()21|1 . However, for points very far from the 
monopole's core, i.e., for a; ^ 1, we can neglect the l/(Cx)^ term in (j^Uj) and (PT|) and we 
obtain the set of equations: 

{vw'Y = , (34) 
{wv'y = 2(1 - a\^)w . (35) 

This system has the following possible solution: 

v{x) = (l-a^g^)a;^ (36) 
wix) = Cs , (37) 

C3 being constant. The line element associated with this solution (choosing C3 = 1) is then 
given by: 

ds'^ = r^^ydx^dx" + dr"^ + (1 - a^q^y [dO'^ + sin^ Odcf?) . (38) 

This is nothing else but a space-time with solid angle deficit in the three dimensional trans- 
verse submanifold, equal to the solution found for the "pure" global monopole case in (26l |. 
This result is not surprising since we would expect the global monopole to dominate the 
system far from the core of the composite. 
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B. Boundary conditions 



For the numerical construction of the solutions, we have to impose boundary conditions. 
We require regularity of the solutions at the origin and thus impose: 

M{x = 0) = 1 , M'(x)|^=o = , C{x = 0) = l , (39) 

h{x = 0) = , u{x = 0) = l , /(x = 0) = , (40) 
while the requirement of finite energy leads to 

h{x)\r,^oo = 1 , m(x = oo) = , /(x) 1:^.^00 = q ■ (41) 
C. Numerical results 

We have studied the case A > first, and followed in our investigation the studies in 
[isi [Tg^ . First, we have fixed Pi, i = 1,2,3 as well as a to some value and studied the 
development of the solutions for increasing q. 
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FIG. 1: The profile of the metric function M(x) for the composite monopole system without 
direct interaction (/?3 = 0) and /3i = /32 = 1, a = 1.25 and different values of the ratio of vacuum 
expectation values q = r]2/rji. 

Our results for /?i = = 1, /^s = and a = 1.25 are shown in Fig.sQandEl Asymp- 
totically the behavior of the metric functions is very similar to that observed in the case of 
global monopoles , which is not surprising since the global monopole -in contrast to the 
local one - has long range fields. The function C{x) tends to a value smaller than unity, 
indicating that the space-time has a solid deficit angle which increases with increasing q and 
thus increasing r]2. For a^g^ = 1 the deficit angle becomes equal to An. Increasing beyond 
its critical value, = 1/a^, leads to a curvature singularity of the solutions with the metric 
function M{x) vanishing at x = Xs{qc) and C{x) tending to infinity at this point jl^. We 
show the solution for q^ = 0.67 which has a curvature singularity at x ~ 220. However, 
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FIG. 2: Same as Fig^for the metric function C{x). 

what is different here in comparison to the pure global case is that the metric function C [x) 
develops a minimum at small x. This is a typical feature of the local monopole in curved 
space-time (compare also the four-dimensional case j^) and is only present for small 

9- 
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FIG. 3: The location of the singularity at x = in dependence on the product a-q is shown for the 
composite monopole system without direct interaction (dotted-dashed), the composite monopole 
system with /^s = 0.5 (solid) and for the pure global monopole system (dashed). 

In FigOlwe show the localisation of the singularity as function of aq. For comparison, 
we also show the corresponding values for the composite system with direct interaction 
(/^a = 0.5) and for the pure global monopole case. For a fixed value of ag, the value of Xs is 
larger for the pure global monopole in comparison to the composite system. This is related 
to the localisation of energy close to the core (coming from the local monopole). Moreover, 
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the increase of ^3 increases the value of Xg for a fixed aq. 



IV. A < SOLUTIONS: GRAVITY LOCALISATION WITHOUT BULK COSMO- 
LOGICAL CONSTANT 

Now we consider the system for the regime of larger direct interaction coupling, i.e., 
A3 > A1A2. 



A. Exotic composites 

For A < 0, one of the defects disappears from the system, like in the four- dimensional 
case, see while the scalar function of the remaining defect tends asymptotically to the 
respective value given in (j2Z|)- The space-time then becomes asymptotically Anti-de-Sitter 
with an effective negative cosmological constant which reads: 

For (a) A(,) := . For (b) A(,) := ^A (42) 

In our system, for A < and f{x) = 0, the global monopole disappears since this minimises 
the energy, consequently it corresponds to the system analysed in pL^], in which gravity- 
localising solutions of a 'tHooft-Polyakov monopole in seven dimensions have been studied. 
In the following, we shall discuss the system studied here in comparison to that given in 

Hi. 



The metric functions of the gravity- localising solutions read jl4l |: 

M = Moe-'^i^/^ , C{x) = C2/X (43) 

with the constants ci and C2 that can be computed directly from and (PT|) (with 7(6) = 
em ' 



5 16. „4 , A 32_ 5 ^ 4g\_ 8 



, , 1 7(Ma* ± W 1 7(6)0^ = 1 - -^Aa* ± W 1 ^Aa 



-1 . / \ \ -1 



= - (1 ^ V ' - 25^''«"V =-(l±f -25|^"'l • 

Gravity localising solutions exist only for positive roots in > and C2 > 0, i.e., we use 
only the solutions of with the plus sign. 

For the gauge and Higgs field functions, u{x) and /i(x), we linearize the equations 
and (ESI) for X > 1 with 



u{x) = bu{x) , h{x) = \\\^^q^ -bh{x) . (45) 

Pi 
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Neglecting terms of order and we obtain: 



6u" - 2ci6u' + 5m ( ^ - 1 - 

Pi 

5h" - 2ci6h' - 2(3i6h ( 1 + ) = (46) 



Then setting 5u = uqc and 5h = hoe we find 



m± = -ci±^/c2 + 2/3i(l + ^g2) . (47) 



These results agree with the ones in [IJ] for = 0, i.e. no direct interaction between the 
local and global sector and/or q = 0, i.e. a pure local monopole. 

For u and h tending to finite values asymptotically, we have to require k > and m > 0. 
Since for gravity-localising solutions Ci > 0, we can only choose the solutions with the plus 
signs in (jTTjl . Then c^^ < 1 + qPa/Pi and with a relation between the couplings of the 
theory can be found. However, this is not one unique solution, but a domain of solutions 
(see also below the "Results" section). 



B. Boundary conditions 

For the numerical construction of the solutions, we have to impose boundary conditions. 
The boundary conditions for the functions at the origin are equivalent to the ones given in 
()39|) and pUj) . However, the boundary conditions at infinity (PT|) are now replaced by: 

/i'(x)|™ = , m(x = 00) = , /'(x)|™ = . (48) 

Note that the boundary conditions P8|l are the ones chosen in ji^ such that depending on 
the choice of Pi, P2 and P^, the Higgs and Goldstone fields tend to their respective minimum 
values. 



C. Results 

We have not performed explicit numerical calculations here, since our system of equations 
for / = and the non-vanishing functions M, C and h (with coupling constants a. A, Pi) 
is exactly equivalent to the one in if we define 



with A < 0. Detailed numerical calculations have been given there and we do not want to 
repeat them here. However, we would like to point out the relation of the couphng constants 
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of our theory to the couphng constants given previously. In [11] it was found that gravity- 
locahsing solutions exist only in a specific parameter domain in the a — (3i— A-domain. One 
solution found with negative bulk cosmological constant has values f3i = 1.0, = 5.5 and 
A ^ —0.054. In our case, fixing and A, a and become functions of jSs and g^. The 

contour plots are given in FigEJ and FigO 
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FIG. 4: The contour plots of a^q^^f^s) are given for gravity localising solutions with (3i = 1.0, 
= 5.5 and A « -0.054. 



^m'. P3) 




0.2 0.4 0.6 0.8 1 



FIG. 5: Same as FigH but for hiq^^P^)- 



V. CONCLUSIONS 

In this paper, we have studied a 7-dimensional brane world model with a composite 
monopole residing in the three dimensional transverse submanifold. We have considered a 
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Ricci-flat 3-brane to be at the defect's core. Our analysis reveals that the geometrical struc- 
ture of the three dimensional submanifold depends crucially on the parameter associated 
with the direct interaction between the local and the global sector of the theory. For small 
direct interaction, we found that qualitatively the system behaves asymptotically like the 
global monopole system representing a space-time with solid angle deficit in the transverse 
submanifold. The presence of the local magnetic monopole modifies the behavior of the 
metric functions only close to the defect's core. 

For large direct interaction, the global monopole naturally disappears from the system and 
leaves behind an effective negative cosmological constant. The system thus corresponds to a 
local monopole brane world scenario with negative bulk cosmological constant. Then, gravity 
localising solutions are possible without the a priori introduction of a bulk cosmological 
constant. In this context we were able to show that by a convenient redefinition of the 
matter fields and dimensionless coordinate that the present system is equivalent to the one 
previously analysed in [14], consequently no explicit numerical calculations are needed. 
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